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18 A NOTE ON THE MAIN CONJECTURE OVER Q
MAHESH KAKDE, ZDZIS LAW WOJTKOWIAK
DECEMBER 12, 2018
Abstract. In this note we show how the main conjecture of the Iwasawa theory over Q
has a natural place in the context of the Galois representation of GalpQ¯{Qq on the etale
pro-p fundamental group of the projective line minus three points. However we still need
to assume the Vandiver conjecture to get a proof of the main conjecture in this context.
1. Introduction
Let us fix an odd prime number p. Let Mp (resp. Mp) be the maximal abelian pro-p
extension of Qpµp8q (resp. Qpµp8q
`) unramified outside p. Let us denote
X8 “ GalpMp{Qpµp8q
`q
and
G “ GalpQpµp8q
`{Qq.
The group G acts on X8 by conjugation and hence X8 is a ZprrGss-module. By a well-
known theorem of IwasawaX8 is a finitely generated torsion ZprrGss-module. The structure
theorem of finitely generated torsion ZprrGss-modules then implies that X8 is pseudo-
isomorphic to ‘iZprrGss{pfiq for some fi P ZprrGss. The main conjecture of Iwasawa theory,
proved by Mazur-Wiles [10] and independently by Rubin (appendix in [9]), states that
p
ź
fiq “ ζQ,p ¨ IpZprrGssq,
where IpZprrGssq is the augmentation ideal and ζQ,p P FracpZprrGssq is the p-adic zeta
function of Kubota-Leopoldt. For a more detailed description the reader should consult [1,
pages 1-8].
Let Lp be the maximal pro-p abelian extension of Qpµp8q unramified everywhere. Then
Lp is contained in Mp. Let
Γ :“ GalpQpµp8q{Qq – Z
ˆ
p .
The group Γ acts on GalpLp{Qpµp8qq by conjugation. The main conjecture can also be
stated in terms of the ZprrΓss-module GalpLp{Qpµp8qq (see [1, the beginning of section 1.4]
and [13, chapter 14, section 14.5]). In this note we present a proof of the main conjecture
for GalpLp{Qpµp8qq, assuming the Vandiver conjecture for a prime p. We remark that it
was already observed by Iwasawa that the main conjecture is a consequence of Vandiver’s
conjecture. We place our proof in the context of the natural representation of GalpQ{Qq
on the pro-p etale fundamental group of P1
Q
´ t0, 1,8u based at the tangential point Ĺ10,
where the main conjecture over Q has perhaps its natural place. We point out that the
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p-adic zeta function of Kubota-Leopoldt appears naturally, while considering this Galois
representation (see [16]).
Our proof is based on construction of the cocycle
ApĹ10q : GQ Ñ ZprrZpss
defined in [16] (and denoted there by ζp), whose construction will be given in section 2 and
on the Ihara’s formulaż
Z
ˆ
p
xm´1dApĹ10qprclspǫqqpxq “ Lppm,ω1´mqp1´ pm´1qCWmpǫq,
for m ą 1 and odd (see [7, formula on the page 105]).
Let us explain briefly the notations and objects appearing in the formula. Let U18 be the
projective limit with respect to the relative norm maps of the principal units of Qppµpnq.
Let Kp be the field extension of Qpµp8q generated by all p powers roots of 1´ ξ
i
pn for all n
and all 0 ă i ă pn. In the formula, ǫ P U18, rcls : U
1
8 Ñ GalpKp{Qpµp8q is induced from the
local class field theory maps, CWn : U
1
8 Ñ Zp are Coates-Wiles homomorphisms, Lp is the
p-adic L-function of Kubota-Leopoldt and ω is the Teichmu¨ller character. Our principal
result is the following consequence of the Ihara’s formula.
Proposition 1.1. Let ǫ P U18. Then
ApĹ10qˆprclspǫqq “ ζp ¨ µˆ∆pfǫq
as pseudo-measures on Zˆp . (Using the well-known isomorphism between the ring of mea-
sures on Zˆp and the ring of ZprrZ
ˆ
p ss we may consider the above equation as an equality in
the total ring of fractions of ZprrZ
ˆ
p ss).
In the last formula, fǫ is the Coleman power series associated to ǫ, the power series ∆pfǫq
is defined by p∆pfǫqqpT q “ p1 ` T qf
1
ǫpT q{fǫpT q. Further, µg denotes the measure on Zp
associated to a power series gpT q P ZprrT ss and µ
ˆ
g denotes the restriction of the measure
on Zp to Z
ˆ
p (again we have implicitly used isomorphisms between the ring of Zp-values
measures on Zp, the ring ZprrZpss and the ring ZprrT ss, the latter obtained by fixing 1 P Zp
as its topological generator). The element ζp is the p-adic zeta function we shall construct
in this paper.
Corollary 1.2. Let
ApĹ10qˆ : GalpKp{Qpµp8qq Ñ ZprrZˆp ss
be induced by ApĹ10q : GQ Ñ ZprrZpss by restriction of a measure on Zp to Zˆp . Then we
have an isomorphism of ZprrΓss-modules
GalpKp{Kp X Lpq – pζpq
where pζpq is the augmentation ideal of ZprrZ
ˆ
p ss times ζp.
The action of ZprrΓss on ZprrZ
ˆ
p ss will be defined in section 2. In particular the action
of ´1 P Γ is an involution, hence any ZprrΓss-module is a direct sum of the ` and ´ parts.
3Lemma 1.3. Let us assume the Vandiver conjecture. Then the map
ApĹ10qˆ : GalpKp{Qpµp8qq Ñ ZprrZˆp ss´
is an isomorphism.
This consequence of the Vandiver conjecture is in fact well known (see [7, section II,
Theorem 6], [2, Theorem (7.33)], [5, Theorem C] and [6, corollary on page 62]). The proofs
there use the Ihara power series from [7]. The proof presented in this note is simpler, and
moreover it can be applied in more situations, for example to study surjectivity of Soule´
classes for roots of unity or more generally of l-adic Galois polylogarithms introduced in
[14], though in fact it has some common points with the alternative proof given on page 333
in [5]. The proof of the main conjecture over Q is then an easy consequence of corollary 1.2
and lemma 1.3. Our last result is the generalization of the Ihara’s formula for all integers m.
The case m “ 1 is the most interesting as then the residue at 1 of the p-adic zeta function
appears.
2. The cocycle associated to the path from Ĺ01 to Ĺ10
Let Vn “ P
1
Q
zpt0,8uYµpnq and let γn be a path on Vn fromĹ01 to 1pnĹ10 along the interval
r0, 1s. Let π1pVn,Ĺ01q denote the e´tale pro-p fundamental group of Vn based at Ĺ01. We
denote by xn and by yk,n for 0 ď k ă p
n the standard topological generators of π1pVn,Ĺ01q,
loops around 0 and ξkpn for 0 ď k ă p
n respectively (see [15, section 1]).
Let σ P GQ. Then, written additively,
γ´1n σpγnq ”
pn´1ÿ
i“0
α
pnq
i pσqyi,n modulo pπ1pVn,
Ĺ01q, π1pVn,Ĺ01qq,
for some coefficients α
pnq
i pσq P Zp.
Proposition 2.1 (see [12], [15] and [16]). For any σ P GQ the family of functions
tApnqpĹ10qpσq : Z{pnZÑ Zp, i ÞÑ αpnqi pσqunPN
defines a measure, denoted ApĹ10qpσq, on Zp with values in Zp.
It follows from the proposition that we get a continuous function
ApĹ10q : GQ Ñ ZprrZpss.
Let τ, σ P GQ. It follows from the identity γ
´1
n ppτσqpγnqq “ pγ
´1
n τpγnqq ¨ τpγ
´1
n σpγnqq that
(1) α
pnq
i pτσq “ α
pnq
i pτq ` χpτqα
pnq
χ´1pτqi
pσq.
From the last two identities we get
(2) α
pnq
i pτστ
´1q “ α
pnq
i pτq ´ χpσqα
pnq
χ´1pσqi
pτq ` χpτqα
pnq
χ´1pτqi
pσq.
This identity (2) motivates the next definition.
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Definition 2.2. Define the action of Γ “ Zˆp , hence the action of GQ via the p-cyclotomic
character, on ZprrZpss by the formula
(3) cp
mÿ
i“1
airxisq :“
mÿ
i“1
caircxis
for elements of ZprZps and we extend by continuity to the action on ZprrZpss.
It follows immediately from the identity (1) that the function
ApĹ10q : GQ Ñ ZprrZpss
is a cocycle.
Let a belong to a number field K contained in Q. We denote by
κpaq : GKpµp8 q Ñ Zp
the Kummer character associated to a.
Proposition 2.3 (see Proposition 2 in [16]). Let σ P GQpµp8 q. Then
ApnqpĹ10qpσq “ κp 1
pn
qpσqr0s `
pn´1ÿ
i“1
κp1´ ξipnqpσqris.
We recall from the introduction that
Kp :“ Qppµp8qpp1 ´ ξ
i
pnq
1{pn : 0 ă i ă pn, n,m P Nq.
Observe that Kp is an abelian, unramified outside p, pro-p extension of Qpµp8q. Let τ P
GalpQpµp8q{Qq and τ be a lifting of τ to GalpKp{Qq. The group Γ “ GalpQpµp8q{Qq – Z
ˆ
p
acts on GalpKp{Qpµp8qq by the standard formula
τpσq “ τστ´1.
It follows from proposition 2.3 that the map ApĹ10q : GQ Ñ ZprrZpss factors through the
Galois group GalpKp{Qq. We denote the restriction of ApĹ10q : GalpKp{Qq Ñ ZprrZpss to
the subgroup GalpKp{Qpµp8qq also by ApĹ10q.
Proposition 2.4. The map
ApĹ10q : GalpKp{Qpµp8qq Ñ ZprrZpss
is a continuous injective homomorphism of ZprrΓss-modules.
Proof. The formula (1) implies that ApĹ10q is a morphism of Zp modules. It follows from
equation (2) that that for σ P GQpµp8 q we have
α
pnq
i pτστ
´1q “ χpτqα
pnq
χ´1pτqi
pσq
Therefore
pn´1ÿ
i“0
α
pnq
i pτστ
´1qris “
pn´1ÿ
i“0
χpτqα
pnq
χpτq´1i
pσqris “ χpτq
pn´1ÿ
j“0
α
pnq
j pσqrχpτqjs.
5Hence it follows that ApĹ10q is a Γ-map. The injectivity following from the definition of the
field Kp and the explicit description of ApĹ10q given in proposition 2.3. 
3. The restriction to Zˆp
The multiplicative group Zˆp is a closed and open subset of Zp. It follows from the formula
in equation (3) that the restriction map
R : ZprrZpss Ñ ZprrZ
ˆ
p ss,
which associates to a measure µ on Zp its restriction to Z
ˆ
p , is a morphism of ZprrΓss-
modules. We shall also denote the measureRpµq by µˆ. For σ P GalpQ{Qpµp8qq, we denote
the restriction of the measure ApĹ10qpσq to Zˆp , by ApĹ10qˆpσq. We denote the composition
zp : GalpKp{Qpµp8qq
ApĹ10q
ÝÝÝÑ ZprrZpss
R
ÝÑ ZprrZ
ˆ
p ss
by zp. The action of ´1 P Γ is an involution, hence GalpKp{Qpµp8qq and ZprrZ
ˆ
p ss are the
direct sums of their ` and ´ parts. Moreover, zp induces morphism of ZprrΓss-modules
zǫp : GalpKp{Qpµp8qq
ǫ Ñ ZprrZ
ˆ
p ss
ǫ,
for ǫ P t`,´u.
Proposition 3.1 (See also [16], corollary 1). We have
(i) The morphisms zp and z
´
p are injective.
(ii) The group GalpKp{Qpµp8qq
` “ 0.
Proof. Observe that κp1 ´ ξipnq, for 0 ă i ă p
n and pi, pq ą 1, as well as κp 1
pn
q can be
expressed as sums of κp1 ´ ξkpnq with 0 ă k ă p
n and pk, pq “ 1. Hence it follows from
propositions 2.3 and 2.4 that zp is injective.
Let a “ p
řpn´1
i“0 a
pnq
i risqnPN P ZprrZpss. Then p´1q P Γ acts on a as follows
p´1qa “
˜
´a
pnq
0 r0s ´
pn´1ÿ
i“1
a
rns
i rp
n ´ is
¸
nPN
.
Hence it follows that
(4) a` “
1
2
˜
pn´1ÿ
i“1
pa
pnq
i ´ a
pnq
pn´iqris
¸
nPN
and
(5) a´ “
1
2
˜
2a
pnq
0 r0s `
pn´1ÿ
i“1
pa
pnq
i ` a
pnq
pn´iqris
¸
nPN
.
For σ P GalpKp{Qpµp8qq, we have
ApĹ10qpσq “ ˜κˆ 1
pn
˙
pσqr0s `
pn´1ÿ
i“1
κp1´ ξ´ipn qpσqrisq
¸
nPN
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by proposition 2.3. The identity 1´ξ´ipn “ p´ξ
´i
pn qp1´ξ
i
pnq implies that κp1´ξ
´i
pn q “ κp1´ξ
i
pnq
on GalpKp{Qpµp8qq. Hence it follows that for σ P GalpKp{Qpµp8qq, we have ApĹ10qpσq` “ 0
and
ApĹ10qpσq´ “ ˜κp 1
pn
qpσqr0s `
pn´1ÿ
i“1
κp1´ ξipnqpσqris
¸
nPN
.
Therefore
GalpKp{Qpµp8qq
` “ 0
and the map z´p given by
z´p pσq “
¨˝
pn´1ÿ
i“1,pi,pq“1
κp1´ ξipnqpσqris‚˛
nPN
is injective. 
Let En be the group of p-units in Qpµpnq, i.e. En “ Zrµpns
”
1
p
ıˆ
and let Cn be the group
of cyclotomic p-units of Qpµpnq, i.e. the subgroup of En generated by µpn and elements
1´ ξkpn for 0 ă k ă p
n. Let Sn be a set of all integers between 0 and p
n{2 that are coprime
to p.
Lemma 3.2. The following conditions are equivalent:
(i) the map
αn : GalpKp{Qpµpnqq Ñ ‘iPSnZ{p
nZ
given by
σ ÞÑ pκp1 ´ ξipnqpσqqiPSn ,
is surjective;
(ii) p does not divide |En{Cn|.
Proof. The map
En{E
pn
n Ñ Qpµpnq
ˆ{Qpµpnq
ˆp
n
induced by the inclusion En Ă Qpµpnq
ˆ is injective. Therefore by the Kummer theory the
map αn is surjective if and only if the subgroup of En{E
pn
n generated by elements 1 ´ ξipn ,
i P Sn is isomorphic to pZ{p
nZq|Sn|. It follows from [13, theorem 8.9] that there is no
multiplicative relation between ξpn and the elements 1 ´ ξ
i
pn for i P Sn. Hence αn is
surjective if and only if the subgroup of En{E
pn
n generated by elements 1 ´ ξipn , i P Sn and
by ξpn is isomorphic to pZ{p
nZq|Sn|`1. The last condition holds if and only if the subgroup
of En{E
p
n generated by elements 1´ ξipn , i P Sn and by ξpn is isomorphic to pZ{pZq
|Sn|`1.
If p divides |En{Cn| then there is u P En such that u
p P Cn but u R Cn. Any element of Cn
can be written in a unique way in the form ˘ξa0pn
ś
iPSn
p1 ´ ξipnq
ai (see [13, theorem 8.9]).
Hence
up “ ˘ξa0pn
ź
iPSn
p1´ ξipnq
ai ,
where at least one of ai ı 0 modulo p. But then the subgroup of En{E
p
n generated by ξpn
and 1´ ξipn for i P Sn will have the rank smaller than |Sn| ` 1. Therefore i) implies ii).
7If p does not divide |En{Cn| then the map Cn{C
p
n Ñ En{E
p
n is injective. The elements
ξpn and 1 ´ ξ
i
pn for i P Sn taken modulo C
p
n form a basis of Cn{C
p
n. But it implies, going
backwards all equivalent statements, that i) holds. 
Lemma 3.3. The following conditions are equivalent:
(i) the map
z´p : GalpKp{Qpµp8qq “ GalpKp{Qpµp8qq
´ Ñ ZprrZ
ˆ
p ss
´
is an isomorphism of ZprrΓss-modules;
(ii) p does not divide |En{Cn| for all n ě 1.
Proof. If p does not divide |En{Cn| then the map
αn : GalpKp{Qpµpnqq Ñ ‘iPSnZ{p
nZ
given by
σ ÞÑ pκp1 ´ ξipnqpσqqiPSn ,
is surjective by lemma 3.2. Let m ě n. Let us assume that p does not divide |Em{Cm|.
Then it follows from the Bass theorem (see [13, page 150 and Theorem 8.9.]) that the map
αpmqn : GalpKp{Qpµpmqq Ñ ‘iPSnZ{p
mZ
given by
σ ÞÑ pκp1 ´ ξipnqpσqqiPSn ,
is surjective. Hence the assumption ii) implies that for all n P N the maps
α8n : GalpKp{Qpµp8qq Ñ ‘iPSnZp
given by
σ ÞÑ pκp1 ´ ξipnqpσqqiPSn ,
are surjective. Therefore the map
z´p : GalpKp{Qpµp8qq Ñ ZprrZ
ˆ
p ss
´
is surjective. Hence it follows from proposition 3.1 that the map z´p is an isomorphism.
It follows from lemma 3.2 that i) implies ii). 
4. The multiplicative structure of ZprrZ
ˆ
p ss
We denote by Zppkq the ring Zp equipped with the action of Γ given by
xpaq :“ xka.
The infinite product
ś8
k“1 Zppkq is equipped with a multiplicative structure given by
pakq
8
k“1 ¨ pbkq
8
k“1 “ pakbkq
8
k“1.
The ZprrΓss-module ZprrZ
ˆ
p ss has a multiplication induced by a group multiplication in Z
ˆ
p .
Let us define a map
Φ : ZprrZ
ˆ
p ss Ñ
8ź
k“1
Zppkq
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by the formula
Φpµq “
˜ż
Z
ˆ
p
xk´1dµpxq
¸
k
.
Lemma 4.1. The map Φ is a continuous injective morphism of ZprrΓss-modules. Moreover,
Φpµ ¨ νq “ ΦpµqΦpνq for any µ, ν P ZprrZ
ˆ
p ss.
Proof. It is evident that Φ is continuous. Let us first show that the map Φ is a map of
ZprrΓss. By continuity of the it is enough to check that Φpgµq “ gΦpµq for each g P Γ and
for µ “
ř
xPZˆp
axrxs P ZprZ
ˆ
p s. By our convention (see formula (3))
gµ “
ÿ
x
gaxrgxs.
Hence
Φpgµq “
˜ÿ
x
gkxk´1ax
¸
k
“ g ¨
˜ÿ
x
xk´1ax
¸
k
“ gΦpµq.
Next we show that Φ is multiplicative i.e. Φpµνq “ ΦpµqΦpνq. Again by continuity we can
need to check this for µ “
ř
x axrxs and ν “
ř
x bxrxs in ZprZ
ˆ
p s. We have
ΦpµqΦpνq “
˜ÿ
x
axx
k´1
¸
k
˜ÿ
y
byy
k´1
¸
k
“
˜ÿ
z
˜ ÿ
x,y:xy“z
axby
¸
zk´1
¸
k
“ Φpµνq.

Observe that
p
8ź
k“1
Zppkqq
` “
8ź
k“1
Zpp2kq
and
p
8ź
k“1
Zppkqq
´ “
8ź
k“1
Zpp2k ´ 1q.
It follows from proposition 3.1 and lemma 4.1 that the composition
GalpKp{Qpµp8qq
´ z
´
p
ÝÑ ZprrZ
ˆ
p ss
´ Φ
´
ÝÝÑ
8ź
k“1
Zpp2k ´ 1q
is an injective morphism of ZprrΓss-modules.
95. The Coates-Wiles homomorphism
We recall briefly some results of Coleman presented in [1]. Let Un :“ Zprµpn`1s
ˆ and
put U8 :“ limÐÝn Un, with the projective limit taken with respect to the norm maps. Let N :
ZprrT ss Ñ ZprrT ss be the norm map defined in [1]. Put W :“ tf P ZprrT ss
ˆ : N pfq “ fu.
For each integer n ě 0, we fix a pn`1 root ξpn`1 of 1 such that ξ
p
pn`1
“ ξpn .
Theorem 5.1 (See [1], theorem 2.1.2 and corollary 2.3.7). Let ǫ “ pǫnq P U8, then there
exists a unique fǫpT q P ZprrT ss
ˆ such that fpξpn`1 ´ 1q “ ǫn for all n ě 0. Moreover, the
map ǫ ÞÑ fǫpT q defines an isomorphism of groups from U8 to W .
Let us define ∆ : ZprrT ss
ˆ Ñ ZprrT ss by
∆pfq “ p1` T qf 1pT q{fpT q.
For f P ZprrT ss we define
ϕpfqpT q :“ fpp1` T qp ´ 1q.
The trace operator ψ : ZprrT ss Ñ ZprrT ss is a continuous Zp-homomorphism characterized
by the identity
pϕ ˝ ψqpfqpT q “
1
p
ÿ
ξPµp´1
fpξp1` T q ´ 1q.
We set
ZprrT ss
ψ“id “ tf P ZprrT ss : ψpfq “ fu.
We define a map
rCols : U8 Ñ ZprrT ss
to be the map ǫ ÞÑ ∆pfǫpT qq.
Corollary 5.2. The map rCols induces a surjective homomorphism of ZprrΓss-modules
rCols : U8 Ñ ZprrT ss
ψ“id
with kerprColsq “ µp´1.
Proof. It follows from [1, Theorem 2.4.6 and lemma 2.4.5] that rCols is surjective with
kerprColsq “ µp´1.
We recall that the action of Γ on ZprrT ss is defined by cpfq “ cfpp1`T q
c´ 1q. The map
ǫ ÞÑ fǫpT q commutes with the action of c P Γ defined by cpfq “ fpp1 ` T q
c ´ 1q. Hence,
when we compose with ∆, we get that rCols is a Γ-map. The map rCols is a morphism of
Z modules, hence by continuity it is a Zp, whence a map of ZprΓs-modules. 
We recall the definition of the Coates-Wiles homomorphisms. Let ǫ P U . We define
numbers CW ǫk for k ě 1 by the identity.
(6) ∆pfǫqpe
X ´ 1q “
8ÿ
k“1
CW ǫk
pk ´ 1q!
Xk´1.
We get then maps
CWk : U8 Ñ Zppkq.
which are morphisms of ZprrΓss-modules (see [1, lemma 2.6.2]).
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We recall that
P : ZprrZpss Ñ ZprrT ss
is the Iwasawa isomorphism characterized by Ppr1sq “ p1 ` T q and that in our notation if
f P ZprrT ss then µf :“ P
´1pfq. Then we have
(7) fpeX ´ 1q “
8ÿ
k“0
p
ż
Zp
xkdµf pxqq
Xk
k!
.
Lemma 5.3. Let f P ZprrT ss
ψ“id. Then
(i) Ppµˆf q “ fpT q ´ fpp1` T q
p ´ 1q,
(ii) p1´ pkq
ş
Zp
xkdµf pxq “
ş
Z
ˆ
p
xkdµˆf pxq.
Proof. Let f P ZprrT ss
ψ“id. The condition ψpfq “ f is equivalent to the condition pϕ ˝
ψqpfq “ ϕpfq. Hence it is equivalent to the equality
(8)
1
p
ÿ
ξPµp
fpξp1` T q ´ 1q “ fpp1` T qp ´ 1q.
The power series
Ppµˆf qpT q “ fpT q ´
1
p
ÿ
ξPµp
fpξp1` T q ´ 1q.
Hence if f P ZprrT ss
ψ“id then
Ppµˆf qpT q “ fpT q ´ fpp1` T q
p ´ 1q.
Hence it follows that
fpeX ´ 1q ´ fpepX ´ 1q “
8ÿ
k“0
ż
Z
ˆ
p
xkdµˆf pxq
Xk
k!
.
On the other side we have that
fpeX ´ 1q ´ fpepX ´ 1q “
8ÿ
k“0
ż
Zp
xkdµf pxq
Xk
k!
´
8ÿ
k“0
ż
Zp
xkdµf pxq
pkXk
k!
.
Hence it follows that ż
Z
ˆ
p
xkdµˆf pxq “ p1´ p
kq
ż
Zp
xkdµf pxq
for k ě 0. In particular,
ş
Z
ˆ
p
dµˆf pxq “ 0.

We state the last result as a corollary.
Corollary 5.4. Let f P ZprrT ss
ψ“id. Thenż
Z
ˆ
p
dµˆf pxq “ 0.
11
Corollary 5.5. Let ǫ P U8. Then
p1´ pkq
ż
Zp
xkdµ∆pfǫqpxq “
ż
Z
ˆ
p
xkdµˆ
∆pfǫq
pxq
for k ě 0.
6. Group of units
Following Ihara (see [7, Section IV, page 93]) we set
U1n :“ tu P Zprµpn`1s
ˆ : Npuq “ 1 and u ” 1pmod pξpn`1 ´ 1qqu,
where N : Qppµpn`1q Ñ Qp is the norm map. Let
U18 :“ limÐÝ
n
U1n
be the projective limit with respect to the relative norm maps.
Lemma 6.1. We have U8{U
1
8 – pZ{pq
ˆ.
Proof. Let
U
1
n “ tu P Zprµpn`1s
ˆ : u ” 1pmod p1´ ξpn`1qqu
and U 18 “ limÐÝn U
1
n. We have Un – U
1
n ˆ pZ{pZq
ˆ for all n ě 1. Hence it follows that
U8 – U
1
8 ˆ pZ{pZq
ˆ.
Next we show that U 18 “ U
1
8. Let un P U
1
n. Then Npunq ” 1pmod p
nq (see [4, page 113,
exercise 4.a]). Let punq P limÐÝn U
1
n. Then for all m ě n, we have Npumq “ NpNm,npumqq “
Npunq, where Nm,n is the relative norm map. Hence Npunq ” 1pmod p
mq for all m ě n.
Therefore un P U
1
n. Hence U
1
8 “ U
1
8 and the result follows. 
We denote by En and Cn, the group of units and cyclotomic units, respectively, in Qpµpnq.
Let Qpµpnq
` be the maximal real subfield of Qpµpnq. We denote by E
`
n and C
`
n the group
of units and cyclotomic units in Qpµpnq
` and by E`n and C
`
n the group of p-units and
cyclotomic p-units in Qpµpnq
`.
Lemma 6.2. The inclusions En ãÑ En and E
`
n ãÑ E
`
n induce isomorphisms
En{Cn
–
ÝÑ En{Cn and E
`
n {C
`
n
–
ÝÑ E`n {C
`
n .
Proposition 6.3. Let us assume that p does not divide the class number hpQpµpq
`q,i.e,
that the Vandiver conjecture holds for a prime p. Then p does not divide | En{Cn | for all
n ě 1.
Proof. The Vandiver conjecture for p implies that p does not divide the class number
hpQpµpnq
`q for all n ě 1 ([13, corollary 10.6]). Hence p does not divide |E`n {C
`
n | for
all n ě 1 ([13, theorem 8.2]). We have En “ µpnE
`
n ([13, theorem 4.12 and corollary 4.13])
and Cn “ µpnC
`
n ([13, lemma 8.1]). Hence it follows that E
`
n {C
`
n – En{Cn. Therefore it
follows from the above lemma that p does not divide the order of En{Cn for all n ě 1. 
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Let Mp be the maximal abelian pro-p extension of Qpµp8q unramified outside p and let
Lp be the maximal extension of Qpµp8q contained in Mp that is unramified. Local class
field theory defines a canonical map ZprrΓss-modules
rCLs : U18 Ñ GalpMp{Qpµp8qq.
The map rCLs induces a surjective morphism of ZprrΓss-modules
rCLs : U18 Ñ GalpMp{Lpq.
The field Kp is an abelian pro-p extension of Qpµp8q unramified outside p. Therefore
Kp Ă Mp. Let K
0
p be the maximal unramified extension of Qpµp8q contained in Kp. We
denote the composition of the map rCLs with the natural map
GalpMp{Qpµp8qq Ñ GalpKp{Qpµp8qq
by rcls. The image of rcls is the subgroup GalpKp{K
0
pq of GalpKp{Qpµp8qq.
The next result we need, is stated without proof in [8, on page 248].
Lemma 6.4. Let us assume that p does not divide the class number hpQpµpq
`q,i.e. that
the Vandiver conjecture holds for a prime p. Then Kp “M
´
p .
Proof. It follows from proposition 3.1,ii) that Kp Ă M
´
p . Another proof is in [8, on page
248]. First we shall show that M´p is generated over Qpµp8q by p
nth rootsQpµpnq
` of
p-units of Qpµp8q
` for n P N.
The extension Qpµp8q ãÑ M
´
p is pro-p, abelian. Hence it is generated by Kummer
extensions of the form Qpµpnq ãÑ M “ Qpµpnqpa
1{prq for some a P Zrµpns. We can assume
that a P Zrµpns
`.
Let q be a prime ideal of Zrµpns
` not dividing p. If a R q then the extension Qpµpnq ãÑM
is unramified over q. Let us assume that a P q. Then the extension M of Qpµpnq is
unramified over q if and only if a P qkp
r
for some k ą 0 and a R qkp
r`1. If q is a principal
ideal generated by q P Zrµpns
` then a “ qkp
r
a1, a1 R q and M “ Qpµpnqpa
1{pr
1 q. So let us
assume that q is not a principal ideal. The fact that p does not divide hpQpµpq
`q implies
that p does not divide hpQpµpnq
`q (see [13, corollary 10.6]). Hence there is a positive integer
s coprime to p such that qs is a principal ideal generated by some q P Zrµpns
`. Observe
that as “ qkp
r
a1, a1 R q and Qpµpnqpa
1{pr
1 q “ M by the Kummer theory. Therefore M
´
p is
generated over Qpµp8q by p-units of Qpµpnq
` for n P N.
It follows form [13, Corollary 10.6 and Theorem 8.2] and from lemma 6.2 that p does not
Qpµpnq
`divide | E`n {C
`
n |. Hence it follows from the Kummer theory that M
´
p is generated
over Qpµp8q by cyclotomic p-units of Qpµpnq
` for n P N. The elements 1´ξipn for i between
0 and pn{2 and coprime to p and ξpn generate p-units of Qpµpnq. The p-units of Qpµpnq
`
can be expressed by these p-units of Qpµpnq. Hence it follows that M
´
p Ă Kp. 
7. The main formula
We recall the formula from [7, page 105]
(9)
ż
Z
ˆ
p
xm´1dApĹ10qprclspǫqqpxq “ ppm´1 ´ 1qLppm,ω1´mqCW ǫm,
13
for all odd integers m ą 1 and all ǫ P U18.
We shall rewrite the formula in terms of integrals over Zˆp . It follows from identities in
(6) and (7) and from corollary 5.2 and lemma 5.3 that
(10) p1´ pm´1qCW ǫm “
ż
Z
ˆ
p
xm´1dµˆ
∆pfǫq
pxq
for m ě 1, as by corollary 5.4 both sides are zero for m “ 1.
Let c P Zˆp ´ µp´1. We recall that Qpµpnq
`
Lpp1´ s, ω
βq :“
1
ωβpcqxcys ´ 1
ż
Z
ˆ
p
xxysx´1ωβpxqdEˆ1,cpxq
by definition (see [9, Chapter 4]).
Let j : Zˆp Ñ Z
ˆ
p be defined by jpxq “ x
´1. Then j induces j˚ : ZprrZ
ˆ
p ss Ñ ZprrZ
ˆ
p ss.
Let us set
Ec :“ j˚pE
ˆ
1,cq.
Finally we define a measure Fc on Z
ˆ
p by
dFcpxq :“ xdEcpxq.
It follows from the definition of the measure Fc that
(11) ´ Lppm,ω
1´mq “
1
1´ c1´m
ż
Zˆp
x´mdEˆ1,cpxq “
1
1´ c1´m
ż
Zˆp
xm´1dFcpxq
for m ‰ 1.
Let c P Zˆp . Let δc be a measure on Z
ˆ
p defined by
ş
Z
ˆ
p
fpxqdδcpxq “ fpcq for any
continuous function f on Zˆp . Observe that
(12) 1´ c1´m “
ż
Z
ˆ
p
xm´1dpδ1 ´ δc´1qpxq.
Lemma 7.1. Let m ě 1 and let ǫ P U8. Then
(13)
ż
Z
ˆ
p
xm´1dpδ1 ´ δc´1qpxq ¨
ż
Z
ˆ
p
xm´1dApĹ10qˆprclspǫqqpxq “ż
Z
ˆ
p
xm´1dFcpxq ¨
ż
Z
ˆ
p
xm´1dµˆ
∆pfǫq
pxq .
Proof. It follows from (10), (11) and (12) that the formula (9) can be written in the form
(13) for m ą 1 and odd. Observe that the formula (13) holds also for m “ 1 as then both
sides vanish. Notice that the left hand side of the formula (13) vanishes for m ą 0 and
even. On the other side Lppm,ω
1´mq “ 0 for m even as then 1´m is odd. Hence equation
(11) implies that the right hand side also vanishes for m ą 0 and m even. 
Proposition 7.2. Let ǫ P U8 and let c P Z
ˆ
p ´ µp´1. Then
(14) pδ1 ´ δc´1q ¨ pApĹ10qˆprclspǫqqq “ Fc ¨ µˆ∆pfǫq
in ZprrZ
ˆ
p ss.
14 MAHESH KAKDE, ZDZIS LAW WOJTKOWIAK DECEMBER 12, 2018
Proof. The proposition follows immediately from lemma 7.1 and lemma 4.1. 
Let S be the set of all non-zero divisors in the ring ZprrZ
ˆ
p ss. We set
F :“ S´1ZprrZ
ˆ
p ss
for the total ring of fractions.
Corollary 7.3. Let c P Zˆp ´ µp´1 and let ǫ P U
1
8. Then rclspǫq “ 0 in GalpKp{Qpµp8qq if
and only if pδ1 ´ δc´1q
´1 ¨ Fc ¨ µ
ˆ
∆pfǫq
“ 0 in F.
Proof. Following [1, lemma 4.2.2] the element δ1 ´ δc´1 is not a zero divisor in ZprrZ
ˆ
p ss.
Hence
ApĹ10qˆprclspǫqq “ pδ1 ´ δc´1q´1 ¨ Fc ¨ µˆ∆pfǫq
in F by proposition 7.2. The corollary follows from the fact that the map
zp : GalpKp{Qpµp8qq Ñ ZprrZ
ˆ
p ss
is injective by proposition 3.1 (i). 
Lemma 7.4. Let c, c1 P Z
ˆ
p ´ µp´1. Then
pδ1 ´ δc´1q
´1 ¨ Fc “ pδ1 ´ δc´1
1
q´1 ¨ Fc1
in the ring F.
Proof. It follows from the formula (11) that
(15) p1´ c1´m1 q
ż
Z
ˆ
p
xm´1dFcpxq “ p1´ c
1´mq
ż
Z
ˆ
p
xm´1dFc1pxq
for m ą 1. For m “ 1 both sides of the equality (15) vanish. Hence it follows from lemma
4.1 that
pδ1 ´ δc´1
1
qFc “ pδ1 ´ δc´1qFc1
in ZprrZ
ˆ
p ss. Therefore the lemma follows as δ1´ δc´1
1
and δ1 ´ δc´1 are not zero divisors in
F. 
Let f P ZprrZ
ˆ
p ss. We denote by pfq an ideal of ZprrZ
ˆ
p ss generated by f .
Lemma 7.5. Let c P Zˆp ´ µp´1. Then Fc P ZprrZ
ˆ
p ss
´ and pFcq Ă ZprrZ
ˆ
p ss
´.
Proof. Observe that Lppm,ω
1´mq “ 0 if m is even as then 1 ´m is odd. Hence it follows
from the formula (11) thatż
Z
ˆ
p
xm´1dFcpxq “ ´p1´ c
1´mqLppm,ω
1´mq “ 0
for m even. Hence it follows that ΦpFcq P
`ś8
k“1 Zppkq
˘´
. Therefore it follows from lemma
4.1 that Fc P ZprrZ
ˆ
p ss
´ and also that the ideal pFcq Ă ZprrZ
ˆ
p ss
´. 
Definition 7.6. Let c P Zˆp ´ µp´1. We set
ζp :“ ´pδ1 ´ δc´1q
´1 ¨ Fc .
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It follows from lemma 7.4 that the element ζp P F does not depend on a choice of
c P Zp ´ µp´1. Moreover it follows from [1, Lemma 4.2.4.] that ζp is a pseudo-measure.
Remark 7.1. Let ζ˜p be a pseudo-measure on Z
ˆ
p considered in [1, Proposition 4.2.4.]. Then
the relation between ζp defined in this paper and ζ˜p is given by j˚pζ˜pq “ ζp.
The augmentation ideal of ZprrZ
ˆ
p ss is the ideal
IpZˆp q :“ tν P ZprrZ
ˆ
p ss |
ż
Z
ˆ
p
dνpxq “ 0u .
Definition 7.7. Let c P Zˆp ´ µp´1 be such that its class modulo p
2 generates pZ{p2Zqˆ.
We set
pζpq :“ pFcq .
Lemma 7.8. The ideal pζpq is well defined and it is equal IpZ
ˆ
p qζp.
Proof. The lemma follows from [1, Lemma 4.2.5.]. 
8. Proof of the main conjecture assuming the Vandiver conjecture
Let
C : U8 Ñ ZprrZ
ˆ
p ss
be a map defined by Cpǫq :“ µˆ
∆pfǫq
.
Lemma 8.1. The image of the map C : U8 Ñ ZprrZ
ˆ
p ss is equal IpZ
ˆ
p q.
Proof. It follows from corollary 5.2 that the image of U8 by the map rCols is equal to
ZprrT ss
ψ“id. Let f P ZprrT ss
ψ“id. Then it follows from lemma 5.3 that
Ppµˆf qp0q “
ż
Z
ˆ
p
dµˆf “ pf ´ ϕpfqqp0q “ 0 .
Hence it follows that µˆ
∆pfǫq
P IpZˆp q for ǫ P U8.
Let ν P IpZˆp q. Then Ppνq P ZprrT ss
ψ“0 and Ppνqp0q “ 0. It follows from [1, Lemma
2.4.3.] that there is g P ZprrT ss
ψ“id such that Ppνq “ g ´ ϕpgq. Moreover g “ rColspǫq “
∆pfǫq for some ǫ P U8 by corollary 5.2. We have
Ppµˆ
∆pfǫq
q “ ∆pfǫq ´ φp∆pfǫqq “ g ´ φpgq “ Ppνq
by lemma 5.3. Hence it follows that ν “ µˆ
∆pfǫq
. 
Proposition 8.2. Let c P Zp ´ µp´1 be such that its class modulo p
2 generates pZ{p2Zqˆ.
Then we have an isomorphism of ZprrΓss-modules
GalpKp{K
0
pq Ñ pζpq
given by σ ÞÑ κpĹ10qˆpσq.
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Proof. Following proposition 3.1 the morphism
z´p : GalpKp{Qpµp8qq Ñ ZprrZ
ˆ
p ss
is an injective morphism of ZprrΓss-modules. Following [1, Lemma 4.2.5.]
IpZˆp q “ pδ1 ´ δc´1qZprrZ
ˆ
p ss .
Hence it follows that
(16) pδ1 ´ δc´1q
´1IpZˆp q “ ZprrZ
ˆ
p ss .
The image of the map
rcls : U18 Ñ GalpKp{Qpµp8qq
is equal GalpKp{K
0
pq. Hence it follows from proposition 7.2, lemma 8.1 and the equality
(16) that
z´p pGalpKp{K
0
pqq “ pζpq .

We recall from Introduction that Lp is the maximal abelian pro-p, contained in Mp, ex-
tension of Qpµp8q unramified everywhere. Now we shall prove the main conjecture assuming
the Vandiver conjecture for a prime p.
Proposition 8.3. Let us assume that p does not divide the class number hpQpµpq
`q,i.e.
that the Vandiver conjecture holds for a prime p. Then we have an isomorphism of ZprrΓss-
modules
GalpL´p {Qpµp8qq – ZprrZ
ˆ
p ss
´{pζpq .
Proof. It follows from lemma 6.4 that M´p “ Kp. Therefore L
´
p “ K
0
p. The morphism
z´p : GalpKp{Qpµp8qq Ñ ZprrZ
ˆ
p ss
is an isomorphism of ZprrΓss-modules by proposition 8.2 and by lemma 3.3. Hence it follows
from proposition 8.2 that GalpK0p{Qpµp8qq – ZprrZ
ˆ
p ss
´{pζpq 
9. The Ihara formula for all m
In this section we show that the Ihara formula from Introduction holds for all m. In fact
only the case m “ 1 requires a careful proof.
Lemma 9.1. Let c P Zˆp ´ µp´1. Thenż
Z
ˆ
p
dFcpxq “ p1´ p
´1q logpc´1q.
Proof. We recall that E1,c is the regularized Bernoulli measure and E
ˆ
1,c is its restriction to
Zˆp . The power series PpE1,cq is equal 1{T ´ c{pp1` T
c´ 1q (see [9, Chapter 4, Proposition
3.4.]).Hence it follows from lemma 5.3 that
PpEˆ1,cqpT q “
1
T
´
c
p1` T qc ´ 1
´
1
p1` T qp ´ 1
`
c
p1` T qpc ´ 1
.
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Observe that ε “
` ξ
pn`1
´1
ξc
pn`1
´1
˘
nPN
P U8. The corresponding power series fε “
T
p1`T qc´1 belongs
to W . Let us set
gpT q :“ logp
T
p1` T qc ´ 1
q ´
1
p
logp
p1` T qp ´ 1
p1` T qpc ´ 1
q .
It follows from [1, lemma 2.5.1] that gpT q P ZprrT ss
Ψ“0. The operator D defined by
pDfqpT q :“ p1 ` T qf 1pT q is an automorphism of ZprrT ss
Ψ“0 (see [3, Corollary on page
2]). One checks that
Dg “ PpEˆ1,cq .
Thereforeż
Zˆp
dFcpxq “
ż
Zˆp
x´1dEˆ1,cpxq “ pD
´1
PpEˆ1,cqqp0q “ gp0q “ p1´ p
´1q logpc´1q
(see [11, Lemma 3.4.]). 
We define a sequence of Zp-algebra isomorphisms
ZprrZ
ˆ
p ss Ñ Zprrµp´1 ˆ p1` pZpqss, Z
ˆ
p Q rxs ÞÑ rωpxq, xωpxq
´1s P ZP rrµp´1 ˆ p1` pZpqss;
Zprrµp´1 ˆ p1` Zpqss Ñ Zpr∆srr1` pZpss, rε, xs ÞÑ εrxs,
where we view µp´1 as an abstract group denoted by ∆;
Zpr∆srr1 ` pZpss Ñ Zpr∆srrZpss, rxs ÞÑ r
log x
log q
s,
where q “ p ` 1 if p ‰ 2 and q “ 5 if p “ 2. The composition of these isomorphisms we
denote by α. Let
ε : Zpr∆srrZpss Ñ ZprrZpss
be the augmentation map with respect to ∆. Let us set
A :“ ε ˝ α .
Then A is also a morphism of Zp-algebras.
Lemma 9.2. Let µ P ZprrZ
ˆ
p ss. Thenż
Z
ˆ
p
dµ “
ż
Zp
dApµq .
Proof. One cheks that the formula is true for any µ P ZprZ
ˆ
p s. Hence by continuity the
formula holds for any µ P ZprrZ
ˆ
p ss. 
Lemma 9.3. Let µ P ZprrZ
ˆ
p ss be such that
ş
Zˆp
dµ “ 0. Let c P Zˆp be such that its class
modulo p2 generates pZ{p2Zqˆ. Then there exists a unique ν P ZprrZ
ˆ
p ss such that
µ “ pδ1 ´ δcq ¨ ν
and ż
Z
ˆ
p
dν “ p´
log q
log c
q
ż
Zp
xdApµqpxq .
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Proof. It follows from [1, Lemma 4.2.5] and from the fact that δ1 ´ δc is not a zero divisor
(see [1, proof of Lemma 4.2.2.]) that there is a unique ν P ZprrZ
ˆ
p ss such that
µ “ pδ1 ´ δcq ¨ ν
in ZprrZ
ˆ
p ss. Applying the Zp-algebra homomorphism A to the above formula we get
Apµq “ pδ0 ´ δx0q ¨ Apνq
in ZprrZpss, where x0 “
log c
log q
. Hence we have the following equality of power series in ZprrT ss
PpApµqqpT q “ p1´ p1` T qx0q ¨ PpApνqqpT q .
It follows from lemma 9.2 that
PpApµqqp0q “
ż
Zp
dApµq “
ż
Z
ˆ
p
dµ “ 0 .
Comparing the coefficients at T we getż
Zp
xdApµqpxq “ p´x0q
ż
Zp
dApνq “ p´x0q
ż
Z
ˆ
p
dν .

In the next proposition we present the analogue of the Ihara formula from Introduction
for m “ 1. Notice that 1 ´ p´1 appearing in our formula is the residue of the p-adic zeta
function of Kubota-Leopoldt.
Proposition 9.4. Let ǫ P U18. Then we have
κppqprclspǫqq “
ż
Z
ˆ
p
dApĹ10qprclspǫqq “ p1´ p´1q` ´ log q ż
Zp
xdApµˆ
∆pfǫq
qpxq
˘
.
Proof. Let c P Zˆp be such that its class modulo p
2 generates pZ{p2Zqˆ. Following corollary
5.5
ş
Z
ˆ
p
dµˆ
∆pfǫq
“ 0. Hence it follows from lemma 9.3 that there is a unique νǫ,c P ZprrZ
ˆ
p ss
such that
µˆ
∆pfǫq
“ pδ1 ´ δc´1q ¨ νǫ,c .
Hence it follows from proposition 7.2 that
ApĹ10qˆprclspǫqq “ Fc ¨ νǫ,c .
It follows from lemma 4.1 thatż
Zˆp
dApĹ10qˆprclspǫqq “ ż
Zˆp
dFc ¨
ż
Zˆp
dνǫ,c .
Let us observe that
ş
Zˆp
dApĹ10qpσqˆ “ κppqpσq for any σ P GQpµp8 q. On the other sideż
Z
ˆ
p
dFc ¨
ż
Z
ˆ
p
dνǫ,c “ p1´ p
´1q logpc´1q
`
´
log q
logpc´1q
ż
Zp
xdApµˆ
∆pfǫq
qpxq
˘
“
p1´ p´1q
`
´ log q
ż
Zp
xdApµˆ
∆pfǫq
qpxq
˘
by lemmas 9.1 and 9.3. 
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Let us define
Ψ : ZprrZ
ˆ
p ss Ñ
8ź
k“´8
Zppkq
by the formula
Ψpµq “
` ż
Z
ˆ
p
xk´1dµpxq
˘8
k“´8
.
As in the proof of lemma 4.1 one checks that Ψpµ ¨ νq “ ΨpµqΨpνq. Hence it follows from
proposition 7.2 that
p1´ c1´kq
` ż
Zˆp
xk´1dApĹ10qˆprclspǫqq˘ “ ` ż
Zˆp
xk´1dFcpxq
˘` ż
Zˆp
xk´1dµˆ
∆pfǫq
qpxq
˘
.
Following (11),
ş
Z
ˆ
p
xk´1dFcpxq “ ´p1´ c
1´kqLppk, ω
1´kq for k ‰ 1. Hence we have proved
the following result.
Proposition 9.5. Let ǫ P U18. For k ‰ 1 we haveż
Zˆp
xk´1dApĹ10qˆprclspǫqq “ ´Lppk, ω1´kq ż
Zˆp
xk´1dµˆ
∆pfǫq
pxq .
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